Nonlinearities in the aeroelastic system induce pathologies such as the observed store-induced limit cycle oscillations found with certain high-performance aircraft con gurations. Many previous studies, including efforts by these authors, focus on the nonlinear behavior of the uncontrolled, nonlinear aeroelastic system. These studies are brie y reviewed. However, there is limited study of the active control of these nonlinear aeroelastic systems. Although a linear controller may stabilize the nonlinear system under some circumstances, empirical evidence suggests that these control methods will prove unreliable in strongly nonlinear regimes and that stability is not guaranteed. The development of control strategies appropriate for these nonlinear systems are described. A nonlinear controller and the resulting closed-loop stability based on a partial feedback linearization are discussed. The approach depends on the exact cancellation of the nonlinearity. Hence, an adaptive control method is introduced in which guarantees of stability are studied. Experimental results obtained using the adaptive control system are presented.
Introduction

F
LIGHT tests of several advanced high-performance aircraft have revealednonlinearaeroelasticresponseswithin their ight envelopes. For example, several aircraft models have experienced store-induced limit cycle oscillations (LCOs) for certain attached wing store con gurations (see Refs. [1] [2] [3] . Many studies have established that aeroelastic systems are inherently nonlinear and that these nonlinearities lead to phenomena not properly described by linear representations.For example, multivalued responsesthat lead to jump phenomena, limit cycles, modal interactions, and various types of resonances (internal and super/subharmonic) may result. Sources of nonlinearitiesinclude inertial (due to the location of concentratedor distributedmasses), aerodynamic(due to dynamic stall, large oscillations leading to ow separation, oscillating shocks, or other unsteady ow sources), and structural (due to damping mechanisms, materials, large de ections, or partial loss of structural or control integrity).
The underlyingphysical mechanism that leads to nonlinear instabilities such as store-inducedLCOs is not well understood, but it is well established that these nonlinearitieshave signi cant effects on aeroelastic stability and that these nonlinearitiesmust be considered for the accurate prediction and active suppression of the associated instabilities. With advances in analytical and computational technologies providing accurate analysis of the dynamics and stability of such vehicles, there has been much recent study in nonlinear aeroelasticity.An excellent review of these advances may be found in Refs. 4 and 5. Although aerodynamic nonlinearities may induce nonlinear responses, and signi cant progress has been made in this area, many investigations suggest that structural nonlinearities must be considered. In fact, stiffness tests conducted on some aircraft show evidence of a spring-hardening nonlinearity in the wing torsional mode. Whereas this phenomenon merits further study, it is a reasonable conjecture that this type of nonlinearity may lead to LCO behavior similar to that described herein.
Structural nonlinearities become evident as free-play, hysteresis, and hardening or softening stiffness in the bending or torsional modes of a wing. An extensive review of the analysis of structural nonlinearities for a wing section, such as that discussed in this paper, may be found in Lee et al. 6 who present extensive bifurcation analysis and necessarybackgroundtheories for the analysis.Several recent investigationsexamine the responsedue to free-play or deadband nonlinearities. 7¡ 10 Analytical studies on continuous nonlinear structural stiffness effects, such as those exhibited by the response of high-aspect-ratio thin wings, helicopter rotor systems, or propeller systems subjected to large torsional amplitudes, have been addressed by several researchers (see Refs. 8 and 11-15) but only Tang and Dowell 11, 12 have experimentalstudies of systems in which continuous nonlinear stiffness behavior has been reported.
In Ref. 7 , an experimental investigationof freeplay nonlinearities in a control surface is presented, and in Refs. 8-10 a bifurcation analysis of a wing section with freeplay nonlinearitiesis presented. Several studies address smooth (continuous) classes of nonlinearities that may be expressed in terms of cubic or higher-order polynomials; some recent studies include the work in Refs. 6, 8, and 15-18. In Ref. 16 , analytical predictions are compared to experimental measurements for continuous nonlinear stiffening behavior in the pitch mode. Most important, the existence of LCO behavior is found for systems that exhibit nonlinear stiffness nonlinearities. These nonlinearities lead to LCOs that are dependent on velocity and the nonlinear parameters. It is shown for cases with continuous nonlinearities that the limit cycle motion consists of many higher harmonic components in addition to the dominant utter frequency.
Observations from ground-and ight-test measurements of the F-16 (Refs. 1 and 2) and the F/A-18 provide motivation for further study. These observations include 1) stiffness tests that show evidence of a spring-hardeningtype of nonlinearity in the wing torsional stiffness and measurements that show that the wing behaves differently for leading-edgedown vs leading-edge up; 2) LCOs that may be triggered by angle of attack (AOA); 3) LCOs that occur as low as M = 0.6 at elevated AOA; and 4) LCOs that are sensitive to the tip missile con guration.
Furthermore, results obtained from wind-tunnel investigations 19 of aeroelastic behavior indicate a signature of response similar to that found in the LCO response of store con gurations. While performing routine investigations to identify the aeroelastic stability boundary of a new wing con guration with external devices, an unexpected response, when compared with predictions from computational methods based on linear theory, occurred during windtunnel tests. Limit cycle utter was observed much lower than linear analysis had predicted for classical utter. The observed vibration characteristicssuggested the presenceof internal resonances,a phenomena not predictable with linear analysis. These internalresonances(see Ref. 20) occur as a result of nonlinearities that couple modes of motion (not apparent in the linearized model) and lead to an exchange of energy between the modes of the system as the natural frequenciesbecome commensurable.Such resonancesare characterizedby periodic amplitude modulation,and the amount of energy that is exchanged depends on the type of nonlinearity and the relationship of the linear natural frequencies. In Ref. 21 , response characteristicsof a system dynamically similar to Cole's experiment are examined, but these studies are performed in the absence of aerodynamicloads. The results suggest that a two-toone internal resonance is responsible for the instability because the frequency of the second bending mode is twice the frequency of the rst torsional mode. Results show that an antisymmetric vibration mode may be indirectly excited by a two-to-one internal resonance mechanism.
To examine internal resonancesin aeroelastic systems, in Ref. 22 a two-degree-of-freedomaeroelastic system is considered. The system is designed such that the integer frequencyratios of 3:1, 2:1, and 1:1 are achieved as the freestream velocity is increased. An internal resonance is observed as evidenced by the growth in response near 3:1 rather than remaining in an LCO as it does at other velocities. The presence of internal resonance in this system suggests a signicant number of interesting pathologies within nonlinear aeroelastic systems that should be considered (see Ref. 3) .
These previous studies, however, focus on the nonlinear behavior of the uncontrollednonlinearaeroelasticsystem, and there is a rather limited set of results on the control of nonlinear aeroelastic systems. Classical multivariablefeedbackcontrol is applied to a wing section with nonlinear stiffness in Ref. 23 . It is established 23 that a linear controllercan stabilize the nonlinearsystem in some circumstances, but the lack of rigorous guarantees of stability is troubling. Moreover, empirical evidence suggests that these control methods can prove unreliable in strongly nonlinear regimes. Active suppression of nonlinear aeroelastic response requires the development of new control strategiesappropriatefor these nonlinearsystems. Note that, to date, the studies have focused either on the nonlinear behavior of the uncontrolled nonlinear aeroelastic system or the implementation of possibly inappropriate linear strategies on the control of nonlinear systems.
A nonlinear controller based on a partial feedback linearization is derived in Ref. 24 , and the resulting closed-loop stability is further investigated in Ref. 25 . The feedback linearization, however, is critically dependent on the exact cancellation of the nonlinearity. To overcome such a dif culty, Ko et al. 26 introduce a straightforward, linear-in-parameters,adaptivemethod. Although the theoretical guaranteesof stability given in Ref. 26 are satisfyingfrom a theoretical standpoint,a fundamentalquestion remains as to whether the control methods are actually realizable. In this paper, we present experimental results obtained using the adaptive controller introduced in Ref. 26 . In particular, the theoretical and experimental responses of a closed-loop system with adaptive partial feedback linearization are presented. We discuss the experimental performance of the method as well as its stability properties.
Nonlinear Aeroelastic System
In this paper, a nonlinear aeroelastic control problem for a twodimensional wing, as shown in Figs. 1 and 2 , is investigated. The wing is mounted on a exible support that permits two-degree-offreedom motion. Detailed discussion on the experimental apparatus is presented in a later section of the paper. Denoting h and a as plunge and pitch variables, the equations of motion for this aeroelastic system are obtained as 
where m is the mass of the wing and I a is the mass moment of inertia about the elastic axis. Note that the total mass of the wing and its support structure is denoted as m T , and m W represents the mass of the wing only (see later section on experimental setup). The elastic axis location of the model, a, may be varied for our experiments and plays a signi cant role in the stability of the system. 24 Conventionally, the elastic axis location a is nondimensionalized with respect to the half-chord length b and is positive for the elastic axis located aft of the midchord. In Eq. (1), x a is the nondimensionalized distance between the center of mass and elastic axis; c h and c a are plunge and pitch structural damping coef cients, respectively; and L and M are the aerodynamic lift and moment about the elastic axis. Structural stiffnesses are k h and k a for plunge and pitch motions, respectively.It is possible to incorporate various nonlinear features in this design and the associated experiments. These forms include aerodynamic nonlinear loads, coulomb damping, nonlinear stiffness, higher-order kinematics, etc. However, in this paper, we prescribe the sole source of nonlinearity as a nonlinear torsional stiffness, which is approximated in a polynomial form as
In the experiment, the nonlinear torsional stiffness is realized by nonlinear cams, and the actual coef cients in the preceding polynomial representation are obtained from measured displacement and load measurements. There are many possible aerodynamic models available to represent the unsteadylift and moment loads. For the purpose of deriving a feedback control for the class of systems discussed in this paper, appropriate choices of unsteady aerodynamic models include the model by Theodorsenand Garrick 28 or a reduced-ordermodel based on frequency-domainanalysis. For the development of our adaptive nonlinear controller, we use a quasi-steady aerodynamic model
where U is the freestream velocity and c la and c ma are the aerodynamic lift and moment coef cients. Note that the model is proven appropriate for the low, reduced frequency, subsonic ow that is observed for all of the experiments herein. The aeroelastic system is controlled by a single trailing-edge ap as shown in Fig. 1 , where b represents the ap de ection. For notational simplicity in our subsequent theoretical derivation, we de ne state variables as
Thus, the transformed equations of motion in state-space form become
where
The set of new variables introduced in the preceding equations are de ned as follows:
As seen from the equations,the nonlinearaeroelasticsystem is parametrically dependent on the location of the elastic axis a and the freestreamvelocityU . It is shown in Refs. 24 and 25 that, depending on the values of these parameters, the nonlinear aeroelastic system exhibits a wide variety of bifurcation characteristics.
Active Nonlinear Control
In a series of papers, 24¡ 26 either partial or full feedback linearization has been utilized for the design of a nonlinear controller for the class of aeroelastic systems discussed in this paper. In essence, the feedback linearizationseeks to cancel nonlinear dynamics using feedback and then utilizes linear control methodologies for the resulting fully or partially linearized system. Because of its rigorous theoretical foundation in differential geometry, feedback linearization has been employed in a variety of nonlinearcontrol applications including spacecraft attitude control, motor control, and control of wing-rock motion. 29 The detailed theoreticalderivation of feedback linearization may be found in Refs. 30 and 31. As the rst step of feedback linearization in our application, the output function is simply chosen to be the pitch variable,
That is, we assume the primary purpose of the control system is to stabilize the pitch motion. The stability of the plunge motion can be deduced by studying the zero dynamics of the partially feedback linearized problem. This topic will be discussed shortly. The plunge variable also can be selected as an output variable in Eq. (6) . It has been shown in Ref. 24 , however, that the selection of the plunge variable will result in nonlinear zero dynamics in contrast to the linear zero dynamics for the selection of pitch. The resulting nonlinear zero dynamics is shown to exhibit a variety of parametric stability characteristics 25 ; thus, the selection of the pitch variable as the output function is preferred.
The preceding choice of output function has a relative degree of 2 via the following simple calculations
In Eq. (7). L f y is the Lie derivative of y in the direction of f and is de ned to be
Introducing the following state transformation
we obtain an equivalent transformed system:
These equations are thereby transformed to the canonical form recognizedas amenable to nonlineargeometriccontrol.It is not dif cult to show that the given transform and its inverse are well de ned for all ow speeds U (see Ref. 24) . The partial feedback linearization is then achieved by choosing the feedback control as
where m is a new control input. After de ning the structure of m using any linear control methodology, the resulting zero dynamics system is obtained by setting
Zero dynamics are de ned as the internal dynamics of the partially linearized system. Therefore, the zero dynamics must be stable for the stability of the entire partially linearized system. As mentioned earlier, the zero dynamics are represented by a set of linear equations; thus, the stability may be checked by investigating the eigenvalues. Figure 3 presents the contour plot of the real part (damping) of the eigenvalues for the aeroelastic system discussed, dependent on the freestream velocity and the elastic axis location. As shown in Fig. 3 , the eigenvalues are stable for the ranges of parameters of interest. However, note that the stability of the zero dynamics only guarantees local stability of the closed-loop system. 31 The preceding feedback linearization is dependent on the exact cancellation of the nonlinearity as shown in Eqs. (10) and (11) . When there exist uncertainties in system parameters, however, exact cancellation is not achieved. Thus, the theoretical stability of the closed-loop system may not be realizable for the actual physical system. Two alternatives to address this dif culty include the use of robust or adaptive variants of the geometric control methods. To achieve the closed-loop stability without the exact cancellation as implied in Eqs. (10) and (11), an adaptive methodology is derived in Ref. 26 , together with feedback linearization. One source of such uncertainty in our aeroelastic system is the polynomial approximation for the nonlinear torsional stiffness [see Eq. (2)]. To illustrate, Fig. 4 shows the difference between a fth-order polynomial approximation and the experimentally measured pitch spring stiffness. For the subsequent derivation, it is assumed that the pitch stiffness is represented by an N th-order polynomial
Note that we have de ned h i = k a i ¡ 1 . The adaptive feedback linearization is achieved, rst, by expressing the nonlinear term to be canceled in a form such that the uncertain parameters appear linearly, that is, from Eq. (10)
where we de ne
By assuming that the zero dynamics of the feedback linearization are stable, in Ref. 32 it is shown that an adaptive strategy can be derived to handle inexact cancellation of nonlinear terms. Focusing on the subsystem for (u 1 , u 2 ) from Eq. (10), we have
Denoting the estimated values of parameters asĥ i , we acheive the certainty equivalent linearization by choosing
Clearly the certainty equivalent control is precisely the partial feedback linearizing control in the event that the estimatesĥ i are exact. Substituting the preceding control input into Eq. (16), we obtain
Using any linear feedback control technique, the new input m is chosen as m = ¡k 1 u 1 ¡k 2 u 2 ,
with estimation error,H = H ¡Ĥ . Note thatk 1 ,k 2 are determined such that the preceding subsystem is stable whenH = 0. The evolution equations for the estimation of the parametersĤ are obtained using Lyapunov theory so that the subsystem is asymptotically stable. The Lyapunov function is chosen as
The derivative along the system trajectory is obtained by differentiating, and we nd
Note that by choosing
we have Ç V · 0 becauseĀ is constructed to be negative de nite. It is emphasized that the convergence of the parameters is not guaranteed, nor is it necessary. The stability of the system (towards the level sets of Ç V = 0 ) is guaranteedby the invariantmanifold theorem of La Salle and Lefschetz. 33 
Experimental Setup
In this section we describe the experimental system that serves as the testbed for experimental investigations and validation of the numerical predictions of the adaptive control strategy. A model support system (see Fig. 2 ) has been developed to provide direct measurements 16 of nonlinear aeroelastic response as well as examine new control strategies of such response. 23 A detailed description of the test apparatusis presented in Ref. 23 . The support system permits prescribedpitch and plungemotion for a mounted wing section. For studies of control of nonlinear aeroelastic response, the wing includes a full-span trailing-edge ap. The plunge degree of freedom is provided by a carriage that translates. Pitch motion, independent of plunge motion, is provided by rotational cams that are mounted on this carriage.
Large AOA are permitted, but protective constraints limit the amplitude of motion to prevent model/tunnel damage from large amplitude LCOs or utter. These constraints do not affect the onset of utter. Typically, only the mass of the wing is considered in analysis; however, because the carriage moves with the attached wing, the mass of both the wing model and support structure must be considered in the analysis. In addition, the moment of inertia associated with the pitch motion does not include a contribution from the carriage mass because this portion of the system does not pitch. These details are re ected in the equationsof motion [Eq. (1) ].
The model support system provides freedom in test conditions and parameters. The structural stiffness response of the apparatus is governed by a pair of cams that are designed to provide tailored linear or nonlinear stiffness response. The shape of each cam, stiffness of the springs, and pretension in the springs dictate the nature of the nonlinearity. With this approach, these cams provide a large family of prescribed responses. Other physical properties, such as the eccentricity of the aerodynamic center, the mass of various system components, the mass eccentricity, the moment of inertia of the wing, the stiffness characteristics, and the wing shape, are easily modi ed for parametric investigations. This con guration also permits studies of internal resonances such as those presented in Ref. 22 .
System response is measured with accelerometers and optical encoders mounted to track motion in each degree of freedom. The plunge and pitch displacements are measured with optical encoders attached to shafts running through the respective cams. The plunge and pitch accelerations are measured with accelerometers. Freestream velocity is determined from a pitot probe mounted in the test section.
To ensure suf cient data acquisition speed, a dual acquisition process is used. First, the digital optical encoders are read by a (Data Translation DT2821-F-16SE) data acquisition board in conjunction with a custom electronics board. A custom computer program converts the digital readings to analog outputs. A second personal computer samples these analog optical encoder signals, along with the analog outputs from the accelerometers and the pitot tube pressure transducer. This primary data acquisition computer uses a National Instruments PCI-MIO-16XE-10 data acquisition board. Custom software developedin the LabVIEW environmentfrom National Instruments allows the data to be sampled and recorded, with real-time calculation of all parameters. This software also provides active controlcommands.Control laws are developedindependently as dynamic-link libraries and then integrated into the control software. A detailedinput/outputdata ow diagramfor the measurement and control setup is presented in Fig. 5 .
Experiments are conducted by setting the freestream velocity and initial conditions, releasing the structure, and measuring the response. Initial conditions are set by dictating both a pitch and plunge initial condition, or by dictating a pitch condition and allowing the plunge response to displace freely. The initial conditions are displacements; no initial velocities are used. The accelerations are acquired using an analog to digital board, and the frequency content of the measurements are analyzedusing fast Fourier transform techniques. The optical encoders require digital input/output boards and output storage.Measurementsare examined to determine frequency, damping, and other stability characteristics prior to increasing the freestream velocity to the next test point. Flutter is determined by monitoring the frequency and damping of the measured motion, as well as observation of the system response.
Results and Discussion
For the construction of the feedback control for the aeroelastic system discussed, the nonlinear pitch spring stiffness is measured, and the fth-order polynomial approximation of the stiffness is obtained as k a (a ) = 6.833 + 9.967a + 667.685a 2 + 26.569a
Measurements of moment vs pitch angle are compared to this approximated stiffness in Fig. 4 . We note that a small difference between measured and approximated stiffness exists and, as a consequence, presents an uncertainty that exercises the adaptive control. simulated responses is slightly higher than the measured responses due to the presence of unmodeled aerodynamic lag (damping) in the experiment. The physical parameters of the experimental apparatus, which are used for the numerical simulation, are given in Table 1 . Encouragedby good correlationbetween simulated and measured responses of the open-loop aeroelastic system, the nonlinear adaptive controller derived herein is implemented and tested by experiment. In the experiments, an initial disturbance is introduced that leads to LCO, and then the controlleris activated at a predetermined time (t = 15 s). A typical response using the classical multivarible linear controller constructed in Ref. 23 is shown in Fig. 8 . We emphasize that in some cases the controller is able to stop the LCO after a period of rather large, transient oscillations, but in general the closed-loop responses are unpredictable.Note, however, that in Ref. 23 it is shown that the linear controllerderived in Ref. 23 is able to stabilizethe nonlinearsystem if the controlleris started before the system is entrained in LCO. Control was not always possible using the linear approach. On the other hand, the adaptive controller derived hereinis able to stabilizethe LCO up to 23% above the nominal utter velocity. Figure 9 is the response observed for the adaptive controller at the freestream velocity U = 16 m/s. The adaptive controller is unable to stabilize the LCO at higher freestream velocities (above 17 m/s), but notable improvements are realizable using the nonlinearmodel. Recall that the closed-loopstability of the modeled aeroelastic system is guaranteed independent of freestream velocities. However, inevitable modeling errors make this ideal adaptive control unrealizable for higher velocities. Thus, an improvement to the current controller may be achieved by incorporating a better aerodynamic model or structural torsional stiffness model. An interesting observation is made when a controller based on feedback linearization without adaptivity is employed as an active control. Speci cally, when the controller is activated, the closedloop system trajectories converge to either one of two nonzero equilibrium points, rather than to the trivial zero equilibrium point. Measurements from several cases at U = 16 m/s are collected for the construction of phase portraits and are shown in Fig. 10 for the pitch degree of freedom. In Fig. 10 , trajectories converge either to negative equilibrium or to positive equilibriumas shown. The phase portrait is very similar to that presented in Ref. 24 for the case in which two stable and one saddle equilibriumpoints are present. This observation validates the importance of adaptation in the design of nonlinear control system, especially for the feedback linearization discussedin this paper,as the exact characterizationof nonlinearities is often dif cult to achieve.
Conclusion
Nonlinearities may signi cantly affect the aeroelastic stability of certain aircraft con gurations, and these nonlinearities must be considered for the accurate prediction and active suppression of associated instabilities.In this paper, the authors present the derivation of nonlinear control strategies for active suppression of LCOs in a wing section with structuralnonlinearityand also presentrelated experimental results obtained in wind tunnel. Speci cally, measured open-loopresponsesare shown, and clearlythe system responsesexhibit LCO behavior. The use of a quasi-steady aerodynamic model (appropriate for the low, reduced frequency of the experiments) provides excellent agreement between measured and simulated responses in terms of the magnitudesand the frequenciesof the LCOs.
Most previous studies focus on the nonlinear behavior of the uncontrolled nonlinear aeroelastic system. Whereas some studies do exist that address control of the nonlinear system, these typically implement linear strategies that may prove inadequate. The authors suggest that active suppression of nonlinear aeroelastic response requires the development of new control strategies appropriate for these nonlinear systems. Although the classical multivarible linear controllermay suppressthe LCO for some cases, it is shown that the closed-loop responses are unpredictable and control is not always possible using the linear approach.A nonlinearcontrollerbased on a partial feedback linearization approach is derived, and the resulting closed-loop stability is investigated. Experimental results show that feedback linearization is critically dependent on the exact cancellation of the nonlinearity. This observation validates the importance of adaptation in the design of the nonlinear control system because the exact characterization of nonlinearities is often dif cult.
Thus, a nonlinear adaptive controller with validation by experiment is presented. Notable improvements are realized using the nonlinear model as the adaptive controller stabilizes the LCO.
